The exchanged hypercube, denoted by EH(s, t), is a graph obtained by systematically removing edges from the corresponding hypercube, while preserving many of the hypercube's attractive properties. Moreover, ring-connected topology is one of the most promising topologies in Wavelength Division Multiplexing (WDM) optical networks. Let R n denote a ring-connected topology. In this paper, we address the routing and wavelength assignment problem for implementing the EH(s, t) communication pattern on R n , where n = s + t + 1. We design an embedding scheme. Based on the embedding scheme, a near-optimal wavelength assignment algorithm using 2 s+t−2 + 2 t /3 wavelengths is proposed. We also show that the wavelength assignment algorithm uses no more than an additional 25 percent of (or 2 t−1 /3 ) wavelengths, compared to the optimal wavelength assignment algorithm.
Introduction
Optical networks have many attractive properties, such as higher bandwidth, lower latency and lower power consumption, compared to traditional electrical networks [1] - [3] . Therefore, optical networks have been extensively adopted as the communication media between processors within a parallel computer, e.g., Multi-Processor System-On-Chip (MPSOC) [4] , [5] . Moreover, optical networks have also found intensive applications in web browsing and video conferencing [2] .
Wavelength Division Multiplexing (WDM for short) technique has been widely adopted in optical networks. In a WDM optical network, the bandwidth in an optical link is partitioned into multiple communication channels, in which different data streams can be transmitted simultaneously via different communication channels. In this context, a communication channel corresponds to a wavelength. However, the wavelength resource is restricted, and hence, methods of minimizing the number of required wavelengths is becoming an interesting research issue.
Generally speaking, a WDM optical network consists of routing nodes interconnected by point-to-point fiber links. To achieve all-optical communication without optoelectrical conversions at intermediate nodes, end-to-end lightpaths are usually set up between each pair of source-destination nodes. A lightpath in a WDM optical network is an ordered pair (s, d) of nodes corresponding to the transmission of a data stream from a source node s to a destination node d. On the other hand, owing to ease in operation, administration and maintenance, ring-connected topology has been considered as a promising topology in WDM optical networks [2] , [6] , [7] . One of the vital issues for WDM optical networks to be addressed in this paper is the Routing and Wavelength Assignment (RWA) problem [8] . In the RWA problem, a proper lightpath and its corresponding wavelength are selected for each connection of a given communication pattern, which satisfies the wavelength-continuity constraint and the distinct wavelength constraint so that the number of required wavelengths is minimized. To date, there exist a greats deal of research on the RWA problem for various combinations of communication pattern and optical network topology, e.g. see [2] , [3] , [6] , [7] , [9] - [16] . Some applications of the RWA problem on WDM optical networks have been discussed, such as Fast Fourier Transform computation [9] and bitonic sorting [16] .
The array-based WDM optical networks comprise linear array topologies, ring-connected topologies, mesh topology and torus topologies [6] , [7] . Yuan and Melhem studied the RWA problem for hypercube communication patterns on array-based WDM optical networks [7] . In [6] , Chen and Shen improved the results in [7] , and considered the RWA problem for both bidirectional and unidirectional hypercube communication patterns on array-based WDM optical networks. They also addressed the RWA problem for hypercube communication patterns on 3-degree and 4-degree chordal ring topologies [10] . Yu et al. investigated the RWA problem for ternary n-cube communication patterns on linear array topologies [12] , ring-connected topologies [2] and mesh topologies [14] , respectively. Zhang et al. addressed the RWA problem for both half-duplex and fullduplex crossed cube communication patterns on linear array topologies [3] . They also studied the RWA problem for locally twisted cube communication patterns on linear array topologies [15] . When solving the RWA problem, the dynamic wavelength assignment strategy can be used to greatly reduce the required wavelengths [13] , [16] .
The exchanged hypercube, proposed by Loh et al. [17] , is an edge-diluted variation of the corresponding hypercube.
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It possesses numerous desirable properties, such as low diameter and better cost effectiveness. A good peer-to-peer (P2P) network should have lower diameter and lower degree, and hence, the exchanged hypercube can be used to serve as a logical topology in a P2P environment [17] . Some related works on exchanged hypercubes have been studied, such as domination number [18] , fault-tolerance measurement [19] , connectivity [20] , super connectivity [21] , wide and fault diameters [22] , and optimal edge congestion [23] . To the best of our knowledge, however, the RWA problem for implementing exchanged hypercube communication patterns on ring-connected WDM optical networks has not been investigated.
In [11] , we addressed the RWA problem for exchanged hypercube communication patterns on linear array topologies, and proposed an optimal wavelength assignment algorithm which requires 2 s+t−1 + 2 t /3 wavelengths. When considering ring-connected topologies in the RWA problem, it is hard to devise an optimal wavelength assignment algorithm. Instead, a near-optimal wavelength assignment algorithm is used to address the problem [2] , [6] , [7] . Therefore, the wavelength assignment algorithm proposed in this paper is also near-optimal.
To address the RWA problem for implementing exchanged hypercube communication patterns on ringconnected WDM optical networks, the rest of this paper is organized as follows. Section 2 introduces some preliminary knowledge. Section 3 gives a formal definition of the RWA problem for implementing exchanged hypercube communication patterns on ring-connected WDM optical networks, and describes its restricted constraints. Section 4 introduces an embedding scheme, and derives the congestion under the embedding scheme. Section 5 introduces a wavelength assignment algorithm based on the proposed embedding scheme. The difference of required wavelengths between the proposed wavelength assignment algorithm and the optimal wavelength assignment algorithm is also analyzed in this section. Finally, we conclude the paper in Sect. 6.
Preliminaries
In this section, we introduce some preliminary knowledge, including communication patterns, exchanged hypercubes, ring-connected topologies, and the congestion of embedding schemes.
Communication Patterns
A communication pattern can be modeled by a graph C = (V C , E C ), where V C and E C are the vertex set and edge set, respectively. Each vertex v in the vertex set V C represents a communication node, and each edge e = (v 1 , v 2 ) in the edge set E C represents a data exchange (a connection) between the communication nodes v 1 and v 2 . In this paper, we consider the case that C is an exchanged hypercube (see Sect. 2.2). For notations and terminologies in graph theory, please refer to [24] .
Exchanged Hypercubes
Let n be a positive integer. The n-dimensional hypercube (or n-cube) [25] , denoted by Q n , is the graph with vertex set {0, 1}
n . Two vertices (strings) u and v in Q n are connected by an edge if and only if they differ in exactly one coordinate. Let H(u, v) denote the Hamming distance between u and v, namely, the number of coordinates in which u and v are different. Thus, two vertices u and v in Q n are connected by an edge if and only if H(u, v) = 1.
Let
k be a binary string of length k. For 0 i j < k, we use u j,i to denote the substring u j u j−1 · · · u i of u and let Dec(u j,i ) stand for the decimal of u j,i . Let [i, j] = {i, i + 1, . . . , j} for i < j and ⊕ denote the exclusive-OR operator. For positive integers s and t, the exchanged hypercube EH(s, t) is an undirected graph defined as follows.
Definition 1 ([17]): The vertex set of exchanged hypercube EH(s, t) is
The edge set is composed of three types of disjoint sets E 1 , E 2 and E 3 described below:
Accordingly, EH(s, t) contains 2 s+t+1 vertices. Clearly, a vertex u with the rightmost bit 0 (respectively, the rightmost bit 1) has degree s + 1 (respectively, t + 1). Figure 1 depicts EH(s, t), where the dashed lines, bold lines and solid lines correspond to E 1 , E 2 and E 3 , respectively. We can see that each vertex u in EH(1, 3) with u 0 = 0 is of degree 2, and with u 0 = 1 is of degree 4.
Lemma 1 ([17]): EH(s, t) is isomorphic to EH(t, s).
By Lemma 1, hereafter, we may assume without loss of 
Ring-Connected Topology
Let n = s + t + 1. A ring-connected topology, denoted by R n , is a cycle with 2 n nodes. We label the nodes (respectively, the links) in R n clockwise from 1 to 2 n (respectively, from e 1 to e 2 n ). For example, a ring-connected topology R 3 is shown in Fig. 3 , where the link set E(R 3 
Let x be a nonnegative integer. A linear array, denoted by L x , is a path with 2
x nodes [11] , [12] . For a link subset E of graph K, let K − E denote a subgraph of K obtained by removing links in E from K. Let E n be a link subset of R n comprising eight edges, where E n = {e 2 s+t−2 , e 2 s+t−1 , e 3×2 s+t−2 , e 2 s+t , e 5×2 s+t−2 , e 6×2 s+t−2 , e 7×2 s+t−2 , e 2 s+t }. Let R n denote the subgraph of R n obtained by removing links in E n from R n , i.e., R n = R n − E n . Clearly, the subgraph R n is composed of eight disjointed copies of L s+t−2 . We label them clockwise by L 
Embedding Scheme and Congestion
Let G = (V G , E G ) be the guest graph and H = (V H , E H ) the host graph, where
, where Ψ is a bijection from V G to V H , and Ω is a mapping from E G to a set of paths in H such that, for every edge e = (u, v) ∈ E G , there is a path Ω(e) from Ψ(u) to Ψ(v) in H. In this paper, we consider that the guest graph is an exchanged hypercube EH(s, t) and the host graph is a ring topology R n , where n = s + t + 1.
Definition 2 ([6]
, [11] , [12] , [26] ): The congestion of a link ∈ E H under embedding scheme Φ of G in H, denoted by Cong(G, H, Φ, ), is the number of paths Ω(e) for all e ∈ E G passing through , namely,
Let λ Φ (G, H) stand for the number of required wavelengths of any wavelength assignment algorithm for implementing a communication pattern G on a WDM optical network H based on embedding scheme Φ. Lemma 3 shows that Cong(G, H) and Cong(G, H, Φ) are lower bounds of λ Φ (G, H). showed that, when embedding Q x to L x , the natural embedding is the optimal embedding scheme [26] . The related main results are shown in the following lemma.
Let x, y and z be three positive integers such that, x = y + z + 1 and z ≥ y, Liu has shown the following lemma.
Similar to the relationship between Lemmas 3.1 and 3.2 in [2] , and based on the result in Lemma 5, we obtain that Cong (EH(y, z) ,
). Therefore, we have the following corollary.
Based on Lemma 3 and Corollary 6, it is straightforward to obtain the following lemma.
The RWA Problem for Exhanged Hypercubes on Ring-Connected WDM Optical Networks
In this section, we first illustrate the structure of a WDM optical network by an example. Then give a formal definition of the RWA problem for implementing an EH(s, t) communication pattern on R n . Finally we describe the wavelengthcontinuity constraint and the distinct wavelength constraint. Figure 5 shows a WDM optical network in which lightpaths have been set up between some pairs of access nodes (end users). Note that a lightpath is used to support a connection, and it may span multiple fiber links.
Both routing and wavelength assignment are considered in this problem. The input of this problem includes a communication pattern, represented by an exchanged hypercube EH(s, t), and a ring-connected WDM optical network R n , where n = s + t + 1. The output is the assigned wavelengths to links on R n . The problem is to find an embedding scheme Φ = (Ψ, Ω) for EH(s, t) in R n such that the number of required wavelengths is minimum. Nodes and links in R n represent optical switches and optical links in the ringconnected WDM optical network, respectively. The routing of path Ω(e) between each pair of vertices u and v for e = (u, v) ∈ E(EH(s, t)) will correspond to the shortest path from node Ψ(u) to node Ψ(v) on R n . Under this embedding scheme, we then deal with wavelength assignment for each link on R n . Note that both the wavelength-continuity constraint and the distinct wavelength constraint must be fulfilled.
The transmission of an optical link is usually bidirectional. It is implemented by a pair of unidirectional optical links with reversed direction. The wavelength-continuity constraint requires that all links along a lightpath from the source node to the destination node must use the same wavelength. Figure 6 shows examples for wavelength-continuity constraint. Figure 6 (a) (respectively, Fig. 6 (b) ) shows a lightpath 1-2-3-4 on R 3 , which satisfies (respectively, violates) the wavelength-continuity constraint.
The distinct wavelength constraint requires that all lightpaths passing through the same link must be assigned to distinct wavelengths. Figure 7 shows examples for distinct wavelength constraint, in which, two lightpaths 1-2-3 and 2-3-4 are passing through the same link 2, 3 on R 3 . Figure 7 (a) (respectively, Fig. 7 (b) ) shows an example which satisfies (respectively, violates) the distinct wavelength constraint. 
The Proposed Embedding Scheme and Congestion
In this section, we first propose an embedding scheme γ, then the congestion of EH(s, t) in R n under the embedding scheme γ is derived. Note that the congestion of EH(s, t) in R n under the embedding scheme γ is a lower bound of the number of required wavelengths of any wavelength assignment algorithm for implementing EH(s, t) on R n based on the embedding scheme γ, i.e., λ γ (EH(s, t), R n ) ≥ Cong(EH(s, t), R n , γ) (see Lemma 3) . In Fig. 8 An embedding scheme γ = (Ψ γ , Ω γ ), which assigns numbers to vertices in EH(s, t), is shown below. The input to the embedding scheme γ is an exchanged hypercube EH(s, t), and the output is the assigned number num(u) for all u ∈ V (EH(s, t) ).
be a vertex in V(EH(s, t)). We partition V(EH(s, t)) into eight disjoint vertex subsets as follows
Embedding Scheme γ = (Ψ γ , Ω γ )
Input: An exchange hypercube EH(s, t).

Output: The assigned number num(u) for all u ∈ V(EH(s, t)). begin
Step 1.
x ← 1;
Step 2.
for each node u ∈ EH(s, t) do num(u) ← NULL;
Step 3.
Let x be the number assigned to a vertex u in V (EH(s,  t) ) by the embedding scheme γ, i.e., x = num(u). After the number is assigned by the embedding scheme γ, vertex u is embedded to the node x in R n . Let e = (u, v) be an edge in E (EH(s, t) ), and x 1 , x 2 be the assigned number of vertex u and vertex v, respectively, i.e., x 1 = num(u) and x 2 = num(v), then the routing of path Ω γ (e) will correspond to the shortest path from node x 1 to node x 2 in R n . Figure 9 shows the numbers assigned to vertices in EH (1, 3) by the embedding scheme γ. cycle(x) in EH(s, t) (x ∈ [0, 2 s+t−2 − 1]), therefore, in the embedding scheme γ, the congestion on the link f is at least 2 s+t−2 + 2 t /3 , i.e., Cong(EH(s, t),R n , γ, f ) ≥ 2 s+t−2 + 2 t /3 . By Definition 2, we obtain that Cong(EH(s, t),R n , γ) = max
and thus the lemma is proved.
Theorem 13:
For any wavelength assignment algorithm based on the embedding scheme γ, the number of required wavelengths for implementing EH(s, t) communication pattern on R n is at least 2 s+t−2 + 2 t /3 .
Proof: By Lemma 3, we have λ γ (EH(s, t), R n ) Cong(EH(s, t), R n , γ). By Lemma 12, Cong(EH(s, t), R n , γ) ≥ 2 s+t−2 + 2 t /3 , therefore, λ γ (EH(s, t), R n ) 2 s+t−2 + 2 t /3 . Thus, the theory is proved.
The Proposed Wavelength Assignment Algorithm
In this section, we first propose a wavelength assignment algorithm δ based on the embedding scheme γ. Then the number of required wavelengths is derived. Finally, the difference of the number of required wavelengths between the wavelength assignment algorithm δ and the optimal wavelength assignment algorithm is analyzed. The input to the wavelength assignment algorithm δ is an exchanged hypercube EH(s, t), and the assigned number num(u) for all u ∈ V (EH(s, t) ), the output is the wavelengths assigned to directed link e d for e d ∈Ê(R n ). In the wavelength assignment algorithm δ, we use DS 1 and DS 2 to denote two directed link sets. We also use cycle 1 (x) and cycle 2 (x) to denote these two reversed direction cycles corresponding to cycle(x) (x ∈ [0, 2 s+t−2 − 1]), i.e., cycle 1 
Moreover, we also useÊ(Ω(e)) to denote the directional links on the directional path Ω(e). In Fig. 10 , we depict cycle 1 (0) and cycle 2 (0) in EH (1, 3) . Note that cycle 1 (0) corresponds to directed links 1, 2 , 2, 3 , . . . , 31, 32 inÊ(R 5 ) and cycle 2 (0) corresponds to directed links 1, 32 , 32, 31 , . . . , 2, 1 in E(R 5 ), respectively. The wavelength assignment algorithm δ is described below.
Theorem 14:
The wavelength assignment algorithm δ requires 2 s+t−2 + 2 t /3 wavelengths.
Proof: Clearly, all edges in EH(s, t) have been taken into account by the wavelength assignment algorithm δ. In Step 1, DS 1 and DS 2 are initialized to be empty sets. In Step 2, there are 2 s+t−2 iterations to be performed, and each iteration requires one unused wavelength. Hence, the total number of wavelengths assigned in this step is 2 s+t−2 . In Step 3 (respectively, Step 4) Set DS 1 = ∅ and DS 2 = ∅;
Step 2. for x ← 0 to 2 s+t−2 − 1 do for each directed edge e ∈ cycle 1 (x) do DS 1 ← DS 1 ∪Ê(Ω(e));
for each directed edge e ∈ cycle 2 (x) do DS 2 ← DS 2 ∪Ê(Ω(e));
Assign an unused wavelength to the directed links in DS 1 and DS 2 ;
for m ∈ {1, 2, 5, 6} do for i ← 0 to 2 s−1 − 1 do Invoke Algorithm 1 in [6] to assign wavelengths to the directed links inÊ(Ω(e)) for all e ∈Ê(Q m,i t−1 );
Step 4.
for m ∈ {3, 4, 7, 8} do for i ← 0 to 2 t−1 − 1 do Invoke Algorithm 1 in [6] to assign wavelengths to the directed links inÊ(Ω(e)) for all e ∈Ê(Q s+t−2 by the natural embedding, hence, the wavelengths assigned by Steps 3 and 4 can be reused. Recall that we have assumed s t, hence, only max( 2 s /3 , 2 t /3 ) = 2 t /3 wavelengths are required for these two steps. Therefore, it is obvious that the wavelength assignment algorithm δ requires 2 s+t−2 + 2 t /3 wavelengths, and hence, the theorem is thus proved.
Corollary 15:
The wavelength assignment algorithm δ is the wavelength assignment algorithm based on the embedding scheme γ, which uses the minimum number of wavelengths.
Proof: Based on the result of Theorems 13 and 14, it is clear that the corollary is true.
We use EH (1, 3) as an example to demonstrate the wavelength assignment algorithm δ. In this example, six wavelengths are required. Figure 11 shows the wavelength allocation for EH (1, 3) . Figure 12 shows the wavelength assignment to directed edges in EH (1, 3) . Figure 13 shows the wavelength assignment to directed links inÊ(R 5 ).
Lemma 16:
The wavelength assignment algorithm δ uses no more than an additional 2 t−1 /3 wavelengths, compared to the optimal wavelength assignment algorithm. 
